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Abstract 

For a generic (polynomial) one-parameter deformation of a complete intersec- 
tion, there is denned its monodromy zeta-function. We provide explicit formulae 
for this zeta-function in terms of the corresponding Newton polyhedra in the case 
the deformation is non-degenerate with respect to its Newton polyhedra. Using 
this result we obtain the formula for the monodromy zeta-function at the origin of a 
polynomial on a complete intersection, which is an analog of the Libgober-Sperber 
theorem. 

1 Introduction 

Let Fq, F\, . . . , Fk be a set of functions on C n defined as polynomials in n complex 
variables z = (z\, z%, . . . , z n ) . Consider the family of varieties 

V c = {z G C n | F Q (z) = c, Fi(z) = 0, i = 1,2, . . . , k}, 

where c G C is a complex parameter. This family provides the fibration over the 
punctured neighbourhood of the origin in the parameter space with the fiber V c over 
a point c (see below). In this paper we obtain a formula for the monodromy zeta- 
function of the above fibration in terms of the Newton polyhedra of the polynomials 
Fq, Fi, . . . , Ffc. One can consider this result as a global analog of [3, Theorem 2.2] 
and an analog of [5, Theorem 5.5], where the monodromy zeta-function at infinity 
is calculated. In section [2] we consider the case Fq(z) = z n , where the fibration 
corresponds to a polynomial deformation of a set of polynomials in n — 1 variables 
zi, Z2, ■ ■ ■ , z n -\. The general case is deduced from the partial in section [3l The 
study is partially motivated by the results of D. Siersma and M. Tibar ([6]). 

Let A = C n \ Y be the complement to an arbitrary algebraic hypersurface 
FCC" Let Z = {z G C n | Fi = 0, % = 1, 2, . . . , k} n A. Denote by B r and D* 
the closed disk in C of radius r with the centre at the origin and the punctured 
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disk D* := B r \ {0} respectively. It follows from [lit Theorem 5.1] that there 
exist a finite set BcC such that the restriction F = Fq\z of the function Fq is a 
topological fibration over C\B . In particular, the map F\ F -i(p*^ (-^1.F- 1 (c\D d ) ) i s 
a fibration for a small enough 5 (for a large enough d). Consider the restriction of 
this fibration to the cycle {c-exp(2-7rii) | t £ [0, 1]}, where |c| is small enough (large 
enough respectively). Consider the monodromy transformation h F ,o- Z c — > Z c 
( hF,oo '■ Z c — >• Z c ) of the fiber Z c over the point c of the result fibration. 

The zeta-function of an arbitrary transformation h : X — > X of a topological 
space X is the rational function: 

Chit) = H(det{Id -th^Hc^))^ , 

i>0 

where Hf(X; C) denoted the i-th homology group with closed support. 
Definition. The monodromy zeta-function (at the origin) of the function Fq on 
the set Z is the zeta-function of the transformation h,F,o, CF ,z(t) '■= Ch F0 (t). The 
monodromy zeta-function at infinity of the function Fq on the set Z is the zeta- 
function of the transformation h Ft00 , Cf° z(*) := Ch Foo (t). 

Let Si, S2, ■ ■ ■ , S n C M n be a set of convex bodies. Denote by S1S2 ■ ■ ■ S n their 
Minkovskian mixed volume (see e.g. [8]). If Sj = for some j we put S1S2 ■ ■ ■ S n = 
0. For a homogenous polynomial T(xi,X2, ■ ■ ■ , = X] a i\ii-i n Xi 1 Xi 2 . . . Xi n of 
degree n, we define T(Si,S 2 , ■■■ ,S k ) as X] a «ij2...jn S^S^ . . . S in . 

Let Si, S2, ■ ■ ■ , Si C L C W 1 , be a set of convex bodies that lie in an l- 
dimensional rational affine subspace L. We define S1S2 ■ ■ ■ Si as the /-dimensional 
integer mixed volume, that is, the Minkovskian mixed volume in the affine sub- 
space L normalized in such way that the /-dimensional volume of the minimal 
parallelepiped with integer vertices equals one. 

In this paper we obtain a formula for the zeta-function (p y(t), V = {z E C n | 
Fi(z) = F2 (z) = . . . = -Ffc(z) = 0} for a generic set of polynomials Fq, F±, . . . , F^ 
in terms of the integer mixed volumes of the faces of their Newton polyhedra 
Ao> Ai, . . . , Afc. 

2 Zeta-function of a polynomial deformation 

In this section we study the case Fq(z) = z n . Consider the set of deformations 
fi,(r(zi, . . . , z n -i) := Fi(zi, ... , z n -i,u) of the functions fa := f i>0 on the set C n_1 , 
i = 1,2, ... ,k, where a € C is the parameter of the deformation. The fibre over 
the point c of the fibration provided by the function Fq on the set [F\ = F 2 = 
. . . = Fk = 0} is {/i, c = /2,c = • • • = fk,c = 0} x {c}. This fact motivates the 
following definition. 

Definition. Consider V = {z G C n | Fi(z) = F 2 (z) = . . . = F k (z) =0}. We call 
the zeta-function Cz n ,v(t) (C^V(*)) the monodromy zeta-function (at infinity) of 
the deformation | i = 1, 2, . . . , k}. 
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2.1 Formulae for the zeta-function of a deformation 

One has Fi = X^kez™ -^,k zk > where Fj k G C, k G Z ra are the coefficients of 
the polynomial Fj and k = (k±, ft2, ■ ■ ■ , k n ) are the coordinates in the space R n 
that corresponds to the variables (z\, Z2, ■ ■ ■ , z n ). Denote by Aj = A(F«) the 
Newton polyhedron of the polynomial Fi, i = 1, 2, . . . , k , i.e. the convex hull of 
the set {k G Z" | F^k ^ 0}. A subset / of the set {1,2,..., n} will be called an 
index set. Denote R 1 = {k G R n | fcj = 0, i ^ J}. Let j'f < j| < . . . < 

be the sorted elements of the set {j G {1,2, ... ,k} | Aj n R 1 / 0}. Denote 
Af = A / n IR 7 , i = 1, 2, . . . , k(I) and F( = £ kGA , k z k . 

An integer covector is called primitive if it is not a multiple of another integer 
covector. Denote by Z 1 the set of primitive covectors in the dual space (R 1 ) . 
For a convex set S C R 1 and an covector a € Z 1 denote by S a the subset of 
S that consists of the points, where the function a\s reaches its minimal value: 
S a = {x G S | a(x) = min(a|s)}. For an arbitrary polynomial P = J^eA i"kZ k 
with the Newton polyhedron Acl f and a covector a G Z 1 , denote by P a the 
polynomial J2keA a -fk zk - F° r m index set / that contain n, denote by Z+ C Z 1 
(ZL C Z 1 ) the subset of covectors a = ... + a n dk n , that have the strictly positive 
last component: a n > (the strictly negative last component: a n < 0). 

Definition. Consider a covector a G Z^ 1 ' 2 '"''™}. We say that a system of poly- 
nomials F\, F2, ■ ■ ■ , Fk is a-non- degenerate with respect to its Newton polyhedra 
Ai, A2, . . . , Afe if the 1-forms dF^, i = l,2,...,k are linear independent at all 
the points of the set {z G (C*) n | Ff(z) = F 2 Q (z) = . . . = F fc Q (z) = 0}. 

We say that a system of polynomials F\, F2, . . . , Fj. is a -non- degenerate (at 
infinity) with respect to its Newton polyhedra if for each index set / that contain n 
and for each covector a £ Z+ (a G ZL) the system of polynomials F(, F^ , . . . , F„„ 
is a-non-degenerate with respect to its Newton polyhedra. 

Finally, a system of polynomials F±, F2, . . . , F^ is called non- degenerate with 
respect to its Newton polyhedra if for each index set / and for each a G Z 1 the 
system of polynomials F[, F^ , ■ ■ ■ , Fk(i) ^ s a-non-degenerate. 

For each index set / C {1,2, ... , n} that contain n, we define the following 
rational functions: 

ci„ i3 ii(4 )= n <i-'° ( * , )" ' i " (ai "' A '° A *' ) . 

aez' + 

<ia a4 ( t )=n( i -«-° (5fc, )" g «"( a '°' a =° 

aezi 

where I = \I\ — 1, is the vector in R 1 whose only non-zero coordinate is k n = 1, 
and Q l k (xi,X2, ■ ■ ■ ,Xk) := Yli=i ; j where [■]/ denotes the homogenous part 

of degree I of the power series under consideration. In particular, Q l = for / > 
and Q° = l. 
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Theorem 1 Let a system of polynomials F±,F2, ... ,Fk be a -non- degenerate with 
respect to its Newton polyhedra Ai, A 2 , • • • , A&. Then one has 



Cz n yn(c*)"( t ) - Ci 1 1 ' 2 A 2 ''^A fc ( t )' (!) 
C Zn yit)= ]J CLa 2 ,...,a^), (2) 

i": ne/C{l,2,...,n} 

where V = {z G C n | F x (z) = F 2 (z) = . . . = F fc (z) = 0} . 

Theorem 2 iei a system of polynomials F±, F2, . . . , F^ be a -non- degenerate at 
infinity with respect to its Newton polyhedra Ai, A2, . . . , Afc. Then one has 

C^yn(C*)"( t ) = Cii,A 2 ,'...!A fc ( t )' ( 3 ) 

QW= II ^.aW- < 4 ) 

J: ne/C{l,2,...,n} 

w/iere K={z£C Fi(z) = F 2 (z) = . . . = F fc (z) = 0}. 
Remark. In the case k = 1 the equation ([JJ implies: 

C Zn ,vn(C*At) = J] (1 -^)C- 1 J W (- 1 )' Vol -( A ?), (5) 

where Vol/(-) denotes the Z-dimensional integer volume, Jo = {1>2, . . . ,n} . This 
equality is similar to the equation [31 Theorem 2.2, (1)] for the zeta-function of a 
singularity deformation. In fact, denote by f a the germ at the origin of the defor- 
mation defined as follows: f a (zi, . . . , z n _i) = ^1(^1 > • • • > ^n-i; °0- Using the equa- 
tionfrom [3] we obtain: C/^^W = n^a-^^)^"^' Vol »^ A ' ' a ), 

where Z>+ + is the subset of covectors in whose all the components are strictly 
positive. Hence, the local zeta-function £y 1 t n _ 1 (t) is a "natural" factor of the 

a (C* ) n 

global one Cz n ,vn(C*) n (0- The same observation follows from the localization prin- 
ciple (see on the p. [5] and in [2]). 

Example. Let us assume n = 2, k = 1. Consider the polynomial i*i (21,22) = 
21 + ^2(1 + ^i)- The equations ([TJ, ([2]), and the corresponding equations from [31 
Theorem 2.2] imply that C/„| c (t) = C/„| (C .)(t) = (1-*), C*,v(t) = C 2 ,vn(C*)^) = 
(1 — i) 2 . One can obtain the same results with the following argumentations. 
The global fiber is V a = {z x \ F 1 (z 1 ,a) = 0} = { ^ ± ^ Egg } = {xi(ff), x 2 ((r)}, 
where x\{a) « —a, ^2(0") ~ — c when |a| <C 1. Thus, it consists of two points, 
one of them is close to the origin and the second one is close to infinity. The 
monodromy transformation is the identical map of the fiber on itself, therefore 
( Z2 y(t) = det((l - t)Id) = (1 - t) 2 . The local fiber {f a (zi) = 0} = {xi(a)} 
consists of one point, thus C/ CT | C (*) = 0- ~ 
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2.2 Proofs of theorems 



We reduce the calculation of the zeta-function to the integration with respect to 
the Euler characteristic, (see., ex., [7]), using the following localization principle. 

We recall the notion of the zeta-function as applied to a family of sections of a 
line bundle over a variety. It was introduced by S.M. Gusein-Zade and D. Siersma 
in ([2]). Let W be a compact complex analytic variety and let W\ be the comple- 
ment to a compact subvariety of W. Let L be a line bundle over W and q a be 
an analytic in a € C CT family of sections of the bundle L. Let U be the subset of 
W\ x Co-, given by the equation q a {x) = 0. The restriction to U of the projection 
Wi x Co- — > Co- is a fibration over the punctured disc B* C C CT for |r| <C 1 . The 
zeta-function of a family of sections q a restricted to the set W\ is the zeta-function 
of the monodromy transformation of the above fibration. We denote it Cq„\w 

The fibration L is trivial over a neighbourhood of a point x € W. Therefore, 
using a fixed coordinate system one can consider the family of germs at the point 
x of sections q a as a deformation in the parameter a of a function germ. We 
denote by Cq a \w the zeta-function of the germ at the point a = of the 
above deformation restricted to the set W\ (see, ex., [3]). 

Theorem 3 (|2j, "localization principle") One has: 

JW 

Using the Newton polyhedra Ai, A2, • • • , A& of the polynomials Fi, F2, . . . , 
one can construct unimodular simplicial partition A of the dual space (M n )*, which 
is fine enough for the system {Aj} in the sense of [9]. Consider the toroidal com- 
pactification X\ of the torus (C*) n that corresponds to the partition A. Remind 
that the standard action of the torus (C*) n on itself can be extended to the action 
of the torus on the variety X\. The cones A € A of the partition are in the one- 
to-one correspondence with the orbits T\ C X\ of this action and the orbit T\ 
is isomorphic to (C*) n - dim \ Denote by X'^ the complement in X\ to the torus 
T {0} ^ (C*) n . Let V be the closure of the set VnT {0} C X A , denote V = VnX' A . 
We prove the following statement. 

Lemma 1 For a fine enough partition A, one has: 

Cs„,vn(C*)« (*) = / Cz n \ vn(Cf)n ,x{t)dx-, 

f 00 (6) 

where for a germ at a point x 6 V' of a meromorphic function f on the set V 
and for an open subset A C V the expression (f\ A:X (t) (CJ\ A x {t)) denotes the local 
zeta-function (at infinity) of the germ at the point x of the function f restricted to 
the set A. 
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Proof . One can assume the partition A to be a subdivision of the standard partition 
IT of the space (W 1 )* corresponding to the n-dimensional projective space: An = 
CP n D (C*) n . Let p: X\ — >• CP n be the map of the toric varieties induced by 
the refinement A -< LT . Consider the family of global sections s a , a £ C, of the 
fibration 0(1) over CP n that is defined by the condition So-|(c*) n = z n — o~- Denote 
7r = p o inj, where inj: V X\ is the inclusion map. Denote by S a = 7r*(s cr ) 
the family of sections of the bundle tt*(0(1)) that is pull-back of s a . In a similar 
manner, consider a family of sections s' a , a € C of the fibration 0(1) that is defined 
by the condition s' a \(c*\ n = 1 — oz n and consider its pull-back S' a = 7r*(s' a ). 
Due to simple reformulations one can easily see that: 

(0, c 

Applying theorem [3] to the families S C ,S' C we obtain: 

^SVIvncc*)" CO = J £s<r\ Vn (c*)n,x(t) d>X = J_(z n \ vn(C * )n ,x(t) dx, 

Cs;[ Vn(c .j«(*) = Cs;[ Vn(C . ) n,*C0dx = j-Qwn^n^d*- 

Moreover, it is easy to see that C en | Vn(c . ) »^( t ) = C^| Vn(c . )n>x (*) = 1 for x ^ V'. 
Therefore, using the multiplicative property of the integration we obtain: 

^nlvnfC*) 11 ^^) — / Cz n | vn(c *)n,a;(0 ^X> 

F ^lvn(c*)»>^C0 d X = C n | vn(c , )n ,x(0 d x- 

□ 

Let A + C A (A_ C A) be the subset of cones A 6 A that is generated by 
a set of primitive covectors ai,a.2, lying in Z^ 1 ' 2 '— > n } \ 2,^ 1 ' 2 ''"'™^ (lying in 

Z.^ 1 ' 2 ''"'™^ \2,^ 1 ' 2 '"''"^ respectively). One can assume that A is fine enough such that 
A_ U A + = A. 

Consider an arbitrary point xq € V . It is contained in the torus T\ that 
corresponds to some /-dimensional cone A € A, I < n. This cone lies on the 
border of an n-dimensional cone A' € A. Denote by a%, a2, ■ ■ ■ , oti the primitive 
integer covectors that generate the cone A. The cone A' is generated by the cov- 
ectors ai, a.2, ■ ■ ■ , ol\ and some covectors aj+i, a;+2> ■ ■ ■ ,ot n in addition. Consider 
the coordinate system u = (ui, U2, ■ ■ ■ , u n ) corresponding to the set of covectors 
(ai, a.2, ■ ■ ■ > ct n ). One has: Uj(xo) = 0, i < I, U{(xq) ^ 0,i > I. We express the 
monomial z n as a function F in the variables u: 

F(u) = b ■ u ^9/dk n ) u a 2 (d/dk n ) _ _ _ u a t (d/dk n )^ 

where 6(u) = U]=i+i u ^ {d/dkn \ b(x ) 6 C*. Now we are ready to calculate the 
values of the integrands C, i„ Tn (t) and C°°i (t) in the two following 

cases. 
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1. Assume that A G A_. Then the value of the function F at the point x 
is not zero and therefore C«„| Vn(c *)n,a:o(*) = ^- Assume that A G A + re- 
spectively. Then the point xq is not a pole of the function F and therefore 
C°° (t) = 1 

2. Assume that A G A\A_ (A G A\A + ). The system of polynomials F\, F 2 , . . . , F k 
is cr-non-degenerate (at infinity) with respect to its polyhedra Ai, A2, . . . , A&. 
Therefore one has l+k < n and there exists a coordinate system (u±, . . . , ui,wi + i, . . . , w T: 
in a neighbourhood of the point xq such that Wi(xo) = 0, i = I + 1, . . . ,n, 

and 

Fi = ai u x u 2 ...u t ■ w n - i+1 , 1 = 1, 2, . . . , k, (7) 

where mij = min(aj|Aj) and ai is a germ of function such that aj(xo) 7^ 0. 
Denote T4 = F n (C*) n n f7. According to jZJ) one has: 

V^ = {^i 7^ 0, « < I; W{ = 0, i > n — k} C U. 

Hence, 

C«„|vn(C*)™,a;o(*) = Csr| {u .^ 0>i < I} ,o(*) (Cs„| Vn(c *)n, zo (*) = Cgi| {u .^ 0ji <j } ,o(*))» 

(8) 

where g is the germ of function in the variables (u%, . . . , ui,wi + i, . . . , w n -k) 
that is given by the the following equation: 

I 

• o(iti, . . .,Ul,Wl + l, . . .,W n -k,0, ... ,0). 

3=1 

Using the Varchenko-type formula for meromorphic functions (see [I]) we 
calculate the right-hand side of (JHJ). For 1 = 1, we obtain: 

(■ n\ _ 1 _ f ai(d/dk n ) (foo ( f \ _ 1 _ i .-ai(d/dk n )\ /q\ 

Wl^nCC*)™^ W ~~ 1 1 V52; n | vn(c * )n ,a; W /• V 3 / 

Finally, the both zeta- functions are trivial if I > 1. 

Now we specify the only case, where the zeta function Cz u, „~.^ T .(t) (C°°i (*)) 
is not trivial. Namely, one should assume that Xq G T\, A G A \ A_ (A G A \ A + ) 
and dim A = 1. Denote a = a\. The set T\ n V can by defined in the coor- 
dinates (U2, . . . , u n +i) on the torus T\ = {m = 0} by the system of equations 

{Qi =Qi = --- = Qk =°}> where 



a 2 (k) i( a 3 (k) „o„(k) 
n 

keAf 



Using the main results of [9], [10] we obtain: 

X (T A n V) = (n - 1)! QJp x (A(Qf ), A(Q?), . . . , A(Q£)), (10) 

where A(-) denotes the Newton polyhedron of the Laurent polynomial under con- 
sideration. The covectors a 2 , ct^, . . . , ct n define an isomorphism of the integer 
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latices of the hyperplane {a = 0} C K£ and the space M n_1 , which contain the 
polyhedra A(Qf). Under this isomorphism, the polyhedra A(Qf) corresponds to 
a parallel shifts of the polyhedra Aj. Therefore, the corresponding mixed integer 
volumes coincide and 

Ql~ \A(Q?), A(Qf), . . . , A(Q a k )) = Q^i^i, Af , . . . , A£). (11) 

The equations ([9]), {[TO]) , (fTTj) imply the following answers: 

c,„ lw) „,,w^ = (i-^^¥ n - 1)!Qrl(Af ' A ----^ ) , 



.vn(C*) 1 

T A nV 



(12) 



T A ny Zn|vn( " 



One can multiply the equations (|12p over all strata T\ C of dimension 
(n — 1) corresponding to tori A 6 A \ A_ (A G A \ A + ), apply ([6]) and obtain the 
required equations (P) and ([3]). The equations ([2]) and follow from ([TJ and ([3]) 
respectively due to the multiplicative property of zeta-functions. 



3 Zeta-function of a polynomial on a com- 
plete intersection 

In this section we obtain the general formula for the zeta-function at the origin 
of a polynomial Fq = 2~^kez™ ^b,k zk on the set of common zeroes of a set of 
polynomials Fi, F%, . . . , Ff.. We use notations and definitions introduced in the 
section [2j Let Ao be the Newton polyhedron of the polynomial Fq . For an index 
set I, denote A^ = A n R 1 , F* = £ keA i F 0M z k . 

For each index set / C {1, 2, . . . , n} consider the following rational function: 

(La a.W=- n (i- ™' 5< " , )' ,<5 «" + ' (A; '°' a '° A «" ) . d3) 

where m A /(a) = min(a| A i) is the minimal value of the covector a on the set Aq, 
Zj± Q is the set of covectors a G Z 1 such that min(a| A /) > (for Aq = 0, we put 
Z J Ao = ) and 

Q l k+1 (x ,xi, ...,x k ) = Q l k {xi,x 2 , ... ,x k ) - Q l k+1 (x ,xi, ...,x k ) (14) 

is the homogenous polynomial of degree I := \I\ — 1. The following statement 
follows from Theorem [T] and some observations concerning the formula for the 
Euler characteristic of a non-degenerate complete intersection, which was obtained 
in P3Jj. 

Theorem 4 Let the systems of polynomials Fq, F\ , . . . , F k and F±, i*2 ■ ■ ■ , F k be 
non- degenerate with respect to its Newton polyhedra Ao, Ai, . . . , A^ and Ai, A2, . . . , 
respectively. Then one has: 

Cf ,VTi(C*)™ W = CAo'-A^L.AfcC*)) ( 15 ) 



s 



CF ,v(t)= J] CA 0i A 1> ...,A fc (t) 5 ( 16 ) 

Jc{l,...,n}:/^0 

where V = {z € C n | F\(z) = i*2(z) = . . . = i*fc(z) = 0} is t/ie set of common 
zeroes of the system Fi , F2 , ■ ■ ■ , F n . 

Remark. Consider the case k = 0. Using the equations (|16j) and (113p one can 
obtain: 

<>o,c"(t) = n n a - ^o(-))(-d ! « voi i( A^) 

(here we put Volo(pt) = 1). This equation is an analog of the Libgober-Sperber 
theorem ([3]) and (in slightly different form) was obtained by Y. Matsui and 
K. Takeuchi ((5j section 4]). 

Proof of the theorem. Note that the equation (116[> follows from the equation (115p 
due to the multiplicative property of zeta-functions. We prove (|T5l) . 

Consider the system of polynomials G\, G2, ■ ■ ■ , G k +i in n+1 variables (z, 2^+1) = 
(z\, Z2, ■ ■ ■ , Zn+l) those are given by the following equations: 

G i (z 1 ,z 2 z n+1 ) = Fi(zi,z 2 ■ ■ ■ , z n ), i = l,2, ... ,k, 
G k+ i(z 1 ,z 2 ■ ■ -,z n +i) = F (z 1 ,z 2 ...,z n )- z n+1 . 

Consider the set W = {{z,z n+1 ) G C n+1 | Gi(z) = G 2 (z) = . . . = G k+1 (z) = 0}. 
The fibrations defined by the maps 

V n (C*) n n F - x (D;) A B* 5 and w n (C*)™ +1 n {0 < \z n+1 \ < 6} 2 -^> B* s , 
are obviously isomorphic, therefore one has: 

C.Fo,vri(C*)™(£) = C2 n+1 ,vyn(c*)™+ 1 (*)- ( 18 ) 

The space M n with the coordinates (k%,k2, ■ ■ ■ , k n ) is enclosed in a standard 
manner in the space M n+1 with the additional coordinate /c„,+i that corresponds 
to the variable 2 n +i- For i < k, the Newton polyhedra of the polynomials 
and Gi coincide: A(Gj) = Aj. The Newton polyhedron of the polynomial G k +i 
is a cone of integer height 1 over the Newton polyhedron of the polynomial Fq, 
A(G k+1 ) = CA . 

Proposition 1 For a system of polynomials Fq, Fi, . . . , F}. such that both the 
system itself and the system of polynomials F\ , F2 , . . . , F k are non- degenerate with 
respect to its Newton polyhedra, the system of polynomials G±, G2, ■ ■ ■ , G k +i is also 
non- degenerate with respect to its Newton polyhedra. 

Proof. Consider an arbitrary subset I C {1,2, . . . , (n + 1)} and an arbitrary 
covector a € Z 1 . For n + 1 ^ I, the conditions of a- non-degeneracy as applied 
to the system {G\} and to the system {F- } are obviously equivalent. Assume 
that n + 1 El. Denote I' = J\ {n + 1}, a' = a| R/ /. Extending the notations of 
the section 12.11 to the system of polynomials G%, G2, ■ ■ ■ , G k +i, we get: k{I) = 
k(I') + 1, G[> a {z,z n+1 ) = F[ ' a (z) for i < k(I'). Three cases are possible. 
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1- «(m?Tt) > min («'!A^')- Then (CAonR 1 )* = A^ a ' , g£^(z, z n+1 ) = 
Fq (*)■ 

2 - «(M?TT)< min («V)- Then (CA nR^ = {^-}, G 1 ^ = -z n+1 . 

3. a(g^) = min(a'| A ,-). Then (CA n R 1 )" = C(Ao'' a ') is a cone of integer 
height 1 over Aq ' a , Gjj^z, z n+1 ) = Fq ' a (z) - z n+1 . 

Using a'-non-degeneracy of the systems Fq , F\ , . . . , F k and F\ , F% , . . . , one can 
easily verify that the 1-forms dG\' a , i = 1,2,... , k(I) are linear independent at 
the points of the set {(z,z n+ i) € (C*) n+1 [ Gi(z,z n+ i) = G2(z,z n+ i) = ... = 
G fc +i(z,z n+ i) = 0}. □ 

It follows from Proposition [1] that Theorem [1] is applicable to the system of 
polynomials G\, G2, ■ ■ ■ , Gk+i- 

C Zjl+1 , W n(C*)«+i(*) = n h-i'WJj , (19) 

where Jo = {1> 2, . . . , n + 1}. One can easily see that in the above cases 1,2 the 
exponent Q^ +1 ((CAo) a , Af, . . . , A£) equals 0. Therefore, one has: 

Cwrn ( c.)M.i(t)= II (l-^W)« , «&fiW)A-.-.A J)j (2Q) 

where I = {1,2,... ,n}. Now the equation (fT5j) follows from (fT8l) . (|20j) and the 
equality 

n!Q£ +1 ((C(A«),A?,...,A£) = (n - 1)! Q^(A«, Af, . . . , A"), 
that is a consequence of the following statement. □ 

Proposition 2 Lei Ao, Ai, . . . , A k be a set of integer polyhedra lying in a rational 
affine hyperplane L C M n+1 . Let CAq be the cone over Ao with the vertex at some 
point v £ R n+1 that is in the integer distance 1 from the hyperplane L. Then the 
following relation holds: 

(n + 1)! Q££((CAo, Ai, . . . , A & ) = n\ Q n k+1 (A , A,,..., A k ). (21) 

Proof. Chose an affine integer coordinate system k = (fej, &2, . . . , k n +i) in the 
space R n+1 in such a manner that L = {k £ R n | /c n +i = 0} and v = (0, 0, ... , 1). 
Chose Laurent polynomials Fq, F\, . . . , F/- in the variables z = (z\, z%, . . . , z n ) 
with fixed Newton polyhedra Aq, Ai, . . . , A& in such a way that the systems 
Fq , F\ , . . . , Ffc and F\ , F%, . . . , F k are non-degenerate with respect to its Newton 
polyhedra in the sense of [9]. One can easily show (see Proposition [1]) that the sys- 
tem of Laurent polynomials Gi,G%, ... , G k +i in n + 1 variables defined in terms 
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of the polynomials {Fi} by the equations (|17p is also non-degenerate in the sense 
of [9] with respect to its Newton polyhedra Ai, . . . , C(Aq). Denote: 

V = {F = Fx = . . . = F k = 0} C (CT, 

V I = {F 1 = F 2 = ... = F k = 0}c (C*) n , 

W = {G X = G 2 = ...= G k+1 = 0} c (C*) n+1 . 

Applying the results of [10] we find the Euler characteristics of the sets V, V\, W: 
X (V) = n\ Q£ +1 (A , A l5 ... , A,), x(Vi) = n! Q£(A l5 A 2) . . . , A,), (22) 

X (W) = (n + 1)! Q n k Xl(CA , A l5 ... , A fc ). (23) 

Consider the projection p: (C*) n+1 — > (C*) n on the coordinate hyperplane with 
the coordinates (z±, z 2 , ■ ■ ■ , z n ). Its restriction p\w provides an isomorphism be- 
tween W and V\ \ V. Thus one has the equality 

x(w) = x (Vi)-x(v). 

Applying this equation and using (f22j) . ([23]) . and (fT3| we get ([2T]) . □ 
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